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Abstract
The exceptional symmetries of supergravity have been reproduced from the Hamil-
tonian formulation of the classical mechanics of F-theory. We now find the Lagrangian
formalism has even larger exceptional symmetries, simplifying its derivation: We discuss
D = 5 as an example.
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1 Introduction
F-theory is a proposal to make STU-duality (at least) as manifest on the entire string (not
just supergravity) as T-duality is in ordinary string theory (i.e., visible in the first-quantized
action). F-theory, M(embrane)-theory, T(-duality)-theory [1, 2], and S(tring)-theory are re-
lated [3] by spontaneous symmetry breaking, reducing the dimensions of both spacetime (D)
and the worldvolume (d), and the manifest symmetry, in “unitary” gauges for the “section”
conditions. (The section conditions that reduce F-theory to M-, T-, or S-theory result from
replacing some of the currents in the constraints with their zero-modes, acting on functions or
their products.) Dualities can mix the eliminated worldvolume dimensions with retained ones,
hence exchanging strings with branes. The worldvolume “field strengths” of the spacetime
coordinates of F-theory satisfy a selfduality condition [4–6]; the resulting version of S-theory
has double the spacetime coordinates, each satisfying worldsheet (anti)selfduality [7–9]. (Nor-
mal S-theory, and the original version of T-theory, have the usual number D of spacetime
coordinates, but compactification produces D + D zero-modes: D momenta and D winding.
They also have D + D currents, from σ and τ .)
Dualities are both spacetime and Weyl reflections for the corresonding “spin group”.
For S-theory the group is simply the Lorentz group O(D−1,1), and a close relative for M-
(O(D,1)) and T-theory (O(D−1,1)2); for F-theory it is various generalizations, related to
doubling the size of the covering group of the Lorentz group. The F-symmetry is expected to
persevere in “covariant” gauges, generalizing the conformal gauge in S-theory, where section
conditions are applied only on external states via Becchi-Rouet-Stora-Tyutin [10].
One interesting way in which F-theory differs from standard S-theory is that the Lorentz
symmetry of spacetime acts directly on the worldvolume coordinates, not just the spacetime
coordinates. This is an analog of extended worldsheet supersymmetry in the Ramond-Neveu-
Schwarz formalism for superstrings [11] (describing maximally supersymmetric spacetime
theories that are selfdual and have critical dimension D = 4 [12–15]), where the R-symmetry
of the spacetime supersymmetry algebra is equated with the R-symmetry of the worldsheet
superVirasoro algebra. (In the latter theories the corresponding R-symmetry currents are
quadratic in the fermionic worldvolume “fields”.)
In this paper we solve a problem encountered in earlier treatments of the worldvolume
Lagrangian (L) formalism of F-theory: We find a larger Lagrangian symmetry of the world-
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volume theory (“F-symmetry”) which includes as subgroups not only the “Lorentz” sym-
metry of the Lagrangian, but also the exceptional group symmetry of the Hamiltonian (H)
formalism. This new grouping of exceptional groups not only better unifies the L and H
formalisms, but allows us to give for the first time a manifestly covariant formulation of the
D = 5 L formalism.
2 Exceptional Lagrangian symmetries
2.1 F-symmetry
When constructing a fully covariant L formalism, it will prove economical to consider an
“off-shell” group “F” containing as (the previously described) subgroups both the symmetry
“L” of the Lagrangian and the exceptional symmetry “G” of the bosonic spacetime coordi-
nates of the Hamiltonian. L and “H” are Wick rotations of the maximal compact subgroups
of F and G, up to Abelian factors. (E.g., SL(n) ⊃ SO(n), SO(n,n) ⊃ SO(n)2. These are also
the cosets used for gravity and T-theory, respectively.)
exceptional tangent
L(agrangian) F ⊃ L
∪ ∪
H(amiltonian) G ⊃ H
∪ d ⊃ d− 1
⊃ maximal compact subgroup
The exceptional symmetries F and G act only on the bosons. The “tangent-space” symmetries
L of the Lagrangian and H of the Hamiltonian apply to the fermions, and to the bosons as
subgroups of F and G. (The classical group H is related to the covering group of the spacetime
Lorentz group with doubled argument. L follows from it by dropping the Sp/SO constraint
if there, doubling the group otherwise.) The coset G/H describes a generalization of gravity
for the background fields.
The F group’s Dynkin diagram is the G group’s with an extra node on the “short” leg.
Thus increasing the rank by 1 adds τ to the worldvolume coordinates. (Underlining indicates
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the growth from H ⊂ L; thus σ = (τ, σ).)
G ✐ ✐ ✐
✐
q q q✐X σ
λ
(2.1a)
F ✐ ✐ ✐ ✐
✐
q q q✐X σ ⊕ τ
λ
(2.1b)
(Equivalently, by flipping the E7 Dynkin diagram, the series for F and G correspond to
changing its length on different legs.) Thus FD ⊃ FD−1 by killing a node on one end, but ⊃
GD on the other. In this notation, the rank of GD = ED+1 is D+1, while the rank of FD is
D+2. This is the sense is which S-theory in D dimensions corresponds to M-theory in D+1
dimensions and F-theory in D+2 dimensions.
The field equations of the bosons are selfduality equations, a generalization of those of
(anti)chiral bosons of the worldsheet, leading to the F-theory generalization of the T-duality
of T-theory. Thus all bosons appearing in the first-quantized Lagrangian are representations
of F, but the (free) selfduality equations (or vacuum) spontaneously break this symmetry
to L. The situation is similar in the H formalism, where the kinematics are G symmetric,
but the (free) dynamics are only H symmetric. In all the above cases, the background fields
restore the full symmetry. Thus the field space of the background is the coset, and couples
only to the dynamics.
A relevant analog of these classical mechanics (or first-quantization) groups in classical
field theory (or second-quantization) is the vector fields of 4D N = 8 supergravity. There
the field equations can be expressed as selfduality of a formulation with both electric (polar)
and magnetic (axial) 4-vector potentials. Selfduality can be written entirely with “curved”
GL(4) (“m”) and E7 (“m
′”, 56) indices as
(
√−ggmpgnq)gm′n′Fpqn′ ≡ F˜mnm′ = 12ǫmnpqCm
′n′Fpqn′ (2.2)
where Cm
′n′ is the E7-invariant Sp(56) metric and Fmnm′ is the ordinary curl ∂[mAn]m′ . (The
non-selfdual Lagrangian would be ∼ FF˜ .) The spontaneous breaking of GL(4) → SO(3,1)
and E7 → SU(8) comes from the vacuum values of the 2 types of symmetric metric gmn (grav-
ity) and gm′n′ (scalars), or from the fact they are required to be group elements. Alternatively,
5
we can manifest the local SO(3,1) and SU(8) by using “flat” indices:
gmn = em
aen
bηab , gm′n′ = em′
a′en′
b′ηa′b′ (2.3)
where the 2 types of vielbein are elements of the cosets GL(4)/SO(3,1) (ea
m) and E7/SU(8)
(ea′
m′), and the flat metrics η are symmetric, invariant tensors of SO(3,1) and SU(8) (for the
56 → 28 + 28). Selfduality can then be expressed as
ea
meb
nea′
m′Fmnm′ ≡ Faba′ = (ηacηbdηa′b′)(12ǫcdefCb
′c′)Fefc′ (2.4)
Thus there are 56 independent vectors off shell, but only 28 on, corresponding to the fact
that there are 28 states with helicity +1 and 28 with −1. This is analogous to the doubled-
dimension version of S-theory, where there are D + D spacetime coordinates off shell but
D on, describing D left-handed sets of modes and D right. (Similar constructions apply for
differential forms of other ranks and in other dimensions.)
2.2 Cases
The well-understood cases of these symmetries are:
F
τ ւ ց |0〉
G L
ց ւ
H
D d F G L H
0 2 GL(2) GL(1) GL(1,C) I
1 3 GL(3) GL(2) GL(2) SO(1,1)
2 4 SL(4)SL(2) SL(3)SL(2) GL(2)2 GL(2)
3 6 SL(6) SL(5) GL(4) Sp(4)
4 12 SO(6,6) SO(5,5) GL(4,C) Sp(4,C)
5 56 E7(7) E6(6) U*(8) USp(4,4)
6 ? ? E7(7) U*(8)
2 SU*(8)
7 ? ? E8(8) U*(16) SO*(16)
where D is the number of spacetime dimensions, while d is the number of worldvolume
dimensions, including τ . (The ?’s may be infinite dimensional. “τ” refers to breaking by
going from L → H formalism. “|0〉” is breaking by the vacuum value of the background in
the equations of motion, as generated by selfduality in the L formalism or the Hamiltonian
in its formalism.) Note that G×GL(1) ⊂ F, where GL(1) is related to τ . Also, L always
includes a GL(1).
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The dimensions of these groups satisfy
[G]− 2[H] = D + 1 (2.5a)
[F]− 2[L] = D (2.5b)
[L]− [H] = d (2.5c)
(For the last, we need to impose selfduality of the worldvolume for D = 5, so 56 → 28: See
below.) Thus
[F] = 2[H] + D + 2d
ւ ց
[G] = 2[H] + D + 1 [L] = [H] + d
ց ւ
[H]
This leads to identities such as
[F] = [G×GL(1)] + 2(d− 1) (2.6a)
[L/H] = d (2.6b)
[F/L] = [G/H] + (d− 1) (2.6c)
These F groups are the same, up to Wick rotation, as the exceptional groups for 4D
N-extended supergravity for various N, where N = 2 + the D of F (and N = 7 is equivalent
to N = 8):
D FD EN N
0 GL(2) U(2) 2
1 GL(3) U(3) 3
2 SL(4)SL(2) SU(4)SU(1,1) 4
3 SL(6) SU(5,1) 5
4 SO(6,6) SO*(12) 6
5 E7(7) E7(7) 7 (8)
This is apparently related to the “disintegration triangle” [16].
2.3 Representations
We find the representations of important quantities (mostly) from (2.1b): worldvolume
derivatives ∂ (of number d), spacetime coordinates X , their gauge parameter λ and field
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strength F , and worldvolume sectioning V,
D F pattern ∂ λ
∂−→ X ∂−→ F V
0 GL(2) forms 2 0 1 2
1 GL(3) forms 3 0⊕ 1 1⊕ 3 3⊕ 3′
2 SL(4)SL(2) forms (4, 1) (1, 2) (4, 2) (6, 2)
3 SL(6) forms 6 6 15 20
4 SO(6,6) spinors 12 32 32′ 32 1
5 E7(7) infinite 56 912 133 56 133
(2.7)
(“0” λ is a constant, for a global symmetry of scalars.)
Here the chains of representations take the form
∂ : ...→ λ→ X → F → B → BB → ... (2.8)
where the field strengths F are (anti)selfdual representations of F, while the Bianchi identities
B are dual to the spacetime coordinates X , the Bianchi identities of the Bianchi identities
BB are dual to the gauge parameters λ, and the series may continue if the gauge invariances
have their own gauge invariances. Thus for D = 3 the series begins with a singlet (gauge
invariance)2 (as for T-theory) and terminates with the dual 6-form, while those for D = 4
repeat indefinitely in both directions, and D = 5 grows symmetrically away from the minimum
for the field strength F (e.g., the gauge invariance for the gauge invariance is 133 ⊕ 8645
= (133 ⊗ 133)A).
However, the field equations break the symmetry F → L (as well as breaking G → H):
The F-selfdual representations F need to be separated into the L-selfdual and L-antiselfdual
representations F (±). For higher dimensions the worldvolume coordinates initially will receive
a doubling for the same reason, since their naive L-representations are already chiral.
The branching for this symmetry breaking F → L is:
D L ∂ λ X F
0 GL(1,C) 1⊕ 1¯ 0 1 1⊕ 1¯
1 GL(2) 3 0⊕ 1 1⊕ 3 3⊕ 3
2 GL(2)2 (2, 2) 2(1) 2(2, 2) 2(1, 3)⊕ 2(3, 1)
3 GL(4) 6 6 15 10⊕ 10′
4 GL(4,C) 6⊕ 6¯ 16⊕ 16′ 16C ⊕ 16C 16⊕ 16′
5 U*(8) 28⊕ 28′ 36⊕ 36′ ⊕ 420⊕ 420′ 63⊕ 70 28⊕ 28′
(2.9)
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On the other hand, reduction to the H formalism separates out τ , breaking F → G (as
well as breaking L → H):
D G ∂ λ Xτ Xσ F
0 GL(1) 1⊕ 1 0 0 1 1⊕ 1
1 GL(2) 1⊕ 2 1 1 1⊕ 2 2(1)⊕ 2(2)
2 SL(3)SL(2) 1⊕ (3, 1) (1, 2) (1, 2) (3, 2) (3, 2)⊕ (3′, 2)
3 SL(5) 1⊕ 5 1⊕ 5 5 10 10⊕ 10′
4 SO(5,5) 2(1)⊕ 10 16⊕ 16′ 16 16′ 16⊕ 16′
5 E6(6) 2(1)⊕ 27⊕ 27′ 27⊕ 27′ ⊕ 2(78) 27′ ⊕ 78 1⊕ 27 2(1)⊕ 27⊕ 27′
⊕351⊕ 351′
where for X we have separated the “Lagrange multiplier” Xτ , corresponding to the primary
gauge parameters (compare the λ column) and dual to the Gauss constraints U, from the
“physical” Xσ, corresponding to the dual of the selfdual half of the field strengths (compare
the F column).
The previous treatment [17] was incomplete: Gauge invariances of the gauge invariances
were ignored. These are necessary for a covariant L formalism. They already appear in T-
theory for spacetime gauge transformations as a result of S sectioning. This is a consequence
of the fact that the 2-form time components do not have simply δB0i =
.
λi, but also a
term −∂iλ0 for Lorentz covariance, which introduces a new gauge invariance of the gauge
invariance δλa = ∂aλˆ, where λˆ effectively cancels λ0. Thus λ has additional components not
seen from Xτ .
The splitting of F under L and G isn’t the same: Under G it’s into τ and σ pieces, but
under L it’s into selfdual and antiselfdual pieces, which are the sum and difference of the τ
and σ pieces:
F (±) = η0Fτ ± Fσ → P ± Fσ (2.10)
(η0 is a metric that breaks G → H; but it’s absorbed into the definition of the momenta P
conjugate to Xσ in the H formalism, restoring G symmetry.)
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3 D ≤ 4
We first translate previous results for lower dimensions D = 0-4 [4–6], which were already
in L-covariant form, into F-covariant form. This does not require the introduction of any
new representations nor the enlargement of any old ones, only the recognition that all the L
representations used previously can be combined into F ones. We have there the approximate
correspondence (ignoring Abelian factors, and the “internal” SL(2) for D = 2)
D F G L H
0-3 GL(d) GL(d−1) SO(d) SO(d−1)
4 SO(d
2
,d
2
) SO(d
2
−1,d
2
−1) SO(d
2
,C) SO(d
2
−1,C)
(3.1)
which makes the cases D = 0-3 resemble gravity for d dimensions, and D = 4 resemble T-
theory for d/2 dimensions, (i.e., the worldvolume and not spacetime) for F/L, and decreasing
the dimension by 1 for G/H (since the H theory lacks τ).
The cases D = 0-3 can be transcribed immediately, since the enlargement of symmetry
from L → F is the usual for differential forms (3.1,2.7): F has only the Levi-Civita tensor,
while L has also the flat metric.
The case D = 4 doesn’t require much more work: It’s the obvious generalization of the
way in the H formalism matrices of H = Sp(4,C) were combined into spinors of G = SO(5,5)
in [5]. Now the L = SL(4,C) representations are all 4 × 4 bispinor matrices of various realities
and symmetries [5], and combine into F = SO(6,6) representations as in (2.9) vs. (2.7). Again
∂ acts on the chain of representations by hitting a Weyl spinor with ∂/, flipping the chirality,
while the V constraint appears as ∂/2 ∼ .
4 D = 5
4.1 Lagrangian approach
The use of F-symmetry allows us to easily complete the L formalism for D = 5, which
in [17] was described only in G-covariant language. From (2.1b) we identify FA as the same
representation 56 of F-symmetry E7 as ∂A, while X
A is in the adjoint 133, and λA is a
912. (The latter two index conventions will apply for just this subsection.) The form of
the gauge transformations and field strength then follow from just inserting the appropriate
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Clebsch-Gordan-Wigner coefficients:
δXA = βA
BC∂BλC (4.1)
FA = 풻
BC
A∂CXB (4.2)
(풻 is also the 56 matrix representation of the generators of the Lie algebra, with adjoint
index raised by the Sp(56) metric.) Gauge invariance of F follows from the V constraint and
algebraic identity for this case
VA ≡ 12풻ABC∂B∂C = 0 (4.3)
풻D(ABβD
C)E = 0 (4.4)
(The latter equation can be proven, e.g., by breaking E7 →U*(8): See Appendix A.)
4.2 Reduction to Hamiltonian
As noted earlier (2.10), on reducing F → L FA branches into selfdual and anti-selfdual
halves, while under F → G it splits into its τ and σ halves; one division is the sum and
difference of the other.
F→ G : F = (Fτ , Fσ) (4.5)
F→ L : F = (F (+), F (−)) = η0Fτ ± Fσ (4.6)
A similar doubling occurs for ∂A because of its chirality after reduction, which for lower D
was eliminated by selfduality using a 4-index Levi-Civita tensor, but is now resolved using
part of the V constraint.
Furthermore, we can directly identify Fτ with P of theH formalism, so the reduction from
L to H formalism can be made directly in terms of F → G. For example, we can represent
the branching for
56→ 13 + 1−3 + 271 + 27′−1 , 133→ 10 + 27−2 + 27′2 + 780 (4.7)
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(where the subscripts indicate the GL(1) of E6(+6)× GL(1) ⊂ E7(7)) in matrix notation as
FA =


13 F
1−3 F
′
271 F
a
27′
−1 Fa


, XAB =


13 1−3 271 27
′
−1
13 0 3X 0 Xb
1−3 3X 0 X
b 0
271 0 X
a dabcXc 풻
A
b
aXA + δ
a
bX
27′
−1 Xa 0 풻
A
a
bXA + δ
a
bX dabcX
c


(4.8)
where Xa, Xa, and X
A are the 27, 27′, and 78 (adjoint) of E6. (Coefficients that are not
merely conventional, for the E7 adjoint representation, are determined by the commutation
relations in Appendix B. 풻Aa
b are the 27 representation of the E6 generators.) Using also
the Sp(56) metric
CAB =


13 1−3 271 27
′
−1
13 0 1 0 0
1−3 −1 0 0 0
271 0 0 0 δb
a
27′
−1 0 0 −δab 0


, CACCBC = δ
A
B
(4.9)
to raise/lower indices (e.g., ∂A = ∂
BCBA), we can then decompose the equation
FA = ∂BX
BA ⇒ (4.10)
F = 3∂X + ∂bXb (4.11a)
F ′ = −3∂′X − ∂bXb (4.11b)
F a = ∂Xa − dabc∂bXc + ∂b풻AbaXA + ∂aX (4.11c)
Fa = −∂′Xa − ∂b풻AabXA + dabc∂bXc − ∂aX (4.11d)
Similarly we can find the components of V, which is the same representation as X , by
considering XAB∂A∂B = X
ABVAB, and separating the coefficients of the components of X :
V = 3∂∂′ + ∂a∂
a (4.12a)
V
a = −2∂′∂a + dabc∂b∂c (4.12b)
Va = −2∂∂a + dabc∂b∂c (4.12c)
VA = 풻Ab
a∂a∂
b (4.12d)
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We can partially solve VAB = 0 as
∂′ = ∂a = 0 , leaving Va = dabc∂
b∂c = 0 (4.13)
(Or we might impose selfduality for ∂, yielding the same result, in addition to V. See the
discussion of the identity (2.5c).) Then we identify
∂a = ∂aσ , ∂ = ∂τ (4.14)
The surviving terms in FA are then
F (±)a = Pa ± dabc∂bXc , F (±) = P ± 0 (4.15)
where
ηab0Pb =
.
Xa + ∂b풻Ab
aXA + ∂aX , P =
.
X + ∂bXb (4.16)
Here Xa appears as the usual “physical” part of XAB, while Xa and X
A are the usual
Lagrange multipliers for Gauss’s law.
On the other hand, the “scalar” X is something new: It appears as physical, and so
not a gauge field, in P (with a ∂τ ), and so can’t be a gauge field in Pa. (The complete
gauge transformations can be found in Appendix C, as derived from (4.1).) However, the
corresponding selfduality condition is F (−) = P−0 = 0, so it can be eliminated. Similarly, its
apparent “Gauss law” ∂aPa = 0 is already implied by the other selfduality condition, using
the V constraint. What’s left then agrees with the results of [17] for D = 5.
4.3 F → M
Solving the S constraint dabcFbFc = 0 gives us the reduction F → M. Following the
decomposition of E6 → SL(6) ⊗ SL(2), we have:
27→ (15, 1) + (6′, 2), 27′ → (15′, 1) + (6, 2), 78→ (35, 1) + (20, 2) + (1, 3) (4.17)
Now using “a” for an SL(6) “vector” index and “i” for SL(2), the section condition is then
split into:
Pabp
b
i + pabP
b
i = 0 (4.18a)
ǫabcdefPcdpef + ǫ
ijP ai p
b
j = 0 (4.18b)
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and a copy with the operators Pab,P
a
i being replaced by their zero mode. We can pick a gauge
in which only P a1 survives. Since the worldvolume index lives in the representation 27
′, the
world volume section constraint splits in a similar way. This gives us the field strengths
Fab =− ǫabcdef∂e2Xf1 (4.19a)
Fa1 =Pa1 (4.19b)
Fa2 =∂abX
b1 (4.19c)
The Gauss constraint now looks like:
∂a1Pb1 = 0 (4.20a)
∂a1Pa1 = 0 (4.20b)
ǫabcdef∂dePf1 = 0 (4.20c)
4.4 F → T
Solving the Gauss constraint (∂aP
b)78 = 0 and the remaining worldvolume section con-
dition dabc∂
b∂c = 0 explicitly breaks the E6 group to O(5,5), and as a result we go back to
T-theory in 5D.
Decomposing E6 → O(5,5), we have:
27→ 102 + 16−1 + 1−4, 27′ → 10−2 + 16′1 + 14, 78→ 450 + 16′−3 + 163 + 10 (4.21)
Therefore, in terms of O(5,5) group notation (scalar s, spinor α , vector a, and ηab,Cαβ
for contraction if needed), we can rewrite our constraints as:
2∂a∂s + γaαβ∂
α∂β = 0 (4.22a)
∂a∂
a = 0 (4.22b)
γβαa∂
a∂α = 0 (4.22c)
∂sPs + ∂
aPa + ∂
αPα = 0 (4.23a)
∂sPα + γaαβ∂
βP α = 0 (4.23b)
∂αPs + γ
α
aβ∂
aP β = 0 (4.23c)
∂[aPb] + γ
αβ
ab ∂αPβ = 0 (4.23d)
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It is easy to check that picking a gauge with ∂α, ∂a = 0 solves the first set of equations.
Applying them on the second set tells us that only the vectors Pa survive. Then the remaining
currents (selfdual field strengths) are:
F (+)a = Pa + ηab∂sX
b (4.24)
and the remaining Virasoro constraint is:
dsabF (+)a F
(+)
b = η
abF (+)a F
(+)
b = 0 (4.25)
which is the standard algebra for T-theory.
5 Conclusions
We plan to consider the coupling of massless background fields in the Lagrangian for-
malism in a future paper; previously (even in T-theory) it was possible to manifest all the
symmetries of the background only in the Hamiltonian approach. There is the related ques-
tion of how this coupling disentangles itself from that of the worldvolume metric, which had
similar problems in the Lagrangian approach: Unlike S-theory, the two kinds of metric carry
related indices.
These and other questions lead us to consider “zeroth-quantization” in terms of a space
that bears the same relation to the worldvolume that the worldvolume does to spacetime.
(Early papers on zeroth-quantization of string theory [18–21] also involved selfdual theories
[12–15].) There are a number of reasons why this might be expected or preferable as a
starting point for formulating F-theory:
(1) There is the analogy of V (worldvolume) sectioning to S (spacetime) sectioning. As the
onset of V constraints is with higher dimensions of F-theory, while the other constraints
start from D = 1, there is the suggestion that the constraints might be simpler in zeroth-
quantization than in first. The “metric” for the S constraint is dual to that appearing
with the central charge term in the current algebra, suggesting a similar role for V in
defining a zeroth-quantized current algebra.
(2) The introduction of zeroth-quantized ghosts [10] (fermionic partners for σ) may be neces-
sary to quantize in a way that higher symmetries are preserved in quantum calculations
(except for unitary gauges for external polarizations in S-matrices).
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(3) G-symmetry apparently becomes infinite-dimensional for D > 7, and F-symmetry for
D > 5. But E9 is recognized as a 2D current algebra of the finite-dimensional group E8,
corresponding to a zeroth-quantized worldsheet. Similar constructions may be possible
for the other infinite-dimensional algebras.
An interesting question is then whether in some sense the zeroth-quantized theory can be
considered Type II in the same sense as the first-quantized. To this end we consider a
construction of F-theory as the direct product of “left” and “right” open-string theories. For
example, for D = 5 the E7/SU*(8) structure is represented by the coset 133 − 63 = 70, a
“4-form” of SU*(8) (as for the scalars of 4D N = 8 supergravity), while ∂ and F are each
56 = 28 + 28′, dual “2-forms” of SU*(8) (as for the vectors of 4D N = 8 supergravity).
If we halve the size of the forms (to get just left or just right), and correspondingly also
reduce SU*(8) to SU*(4) (to preserve Hodge duality of forms), we also find E7 reduced to
SO(6,1), as SO(6,1)/SU*(4) = AdS6 = 21 − 15 = 6 (2-forms, as for the scalars of 4D N =
4 Yang-Mills), while ∂ = F = 8 = 4 + 4′ (dual 1-forms, as for the spinors).
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A Matrix algebra
Much of the GL (or U or U*) group theory can be done more conveniently by matrix
methods than by manipulation of indices on Kronecker δ’s. For purposes of the next few
paragraphs we’ll treat A as the index for a general matrix, while S is that for a symmetric
matrix, and A antisymmetric, so
A = (S,A) (A.1)
Using elements M of a matrix basis we write, in terms of defining-representation (“spinor”)
indices α,
MA = M
A = Mα
β , MS = M(αβ) , MA = M[αβ] , M
S = M (αβ) , MA = M [αβ] (A.2)
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where the (anti)symmetrization of indices is used only as a reminder of the symmetry and
(MA)
B ≡ δBA (A.3)
where “A” labels which matrix and “B” labels which component of that matrix, necessarily
also decomposed into spinor indices to make it a matrix and not a vector.
Using “〈 〉” to indicate the supertrace we have, for arbitrary matrices N,P,Q,R, identities
such as
〈NMA〉〈MAP 〉 = 〈NP 〉 (A.4)
〈NMS〉〈MSP 〉 = 12〈N(P + P T )〉 , 〈NMA〉〈MAP 〉 = 12〈N(P − P T )〉 (A.5)
〈NPMA〉〈MAQR〉 = 〈NPQR〉 = cyclic = 〈PQMA〉〈MARN〉 (A.6)
As an example, we give a derivation of the identity (4.4)
풻D(ABβD
C)E = 0
where 풻 is symmetric in its two 56 indices because (see, e.g., [22])
(56⊗ 56)S = 133⊕ 1463 , (56⊗ 56)A = 1⊕ 1539
We do this by breaking E7(7) → U*(8), proving it for one of the resulting equations using
U*(8) matrix methods, then concluding that the full identity applies by E7(7) symmetry. (We
will assume (ABC)E is irreducible in E7.)
Since
56→ 28 + 28′ , 133→ 70 + 63 , 912→ 36 + 36′ + 420 + 420′
we choose the representations that are 8×8 matrices of various symmetries,
A,B→ 28 , C→ 28′ , D → 63 , E→ 36′
(Here the dual indicated by the prime relates covariant to contravariant indices. The SU*(8)
adjoint 63 has one index up and one down, while the “4-form” 70 is “Hodge dual” between
its covariant and contravariant versions. The 420 is mixed symmetry, with 3-form indices
down and 1 index up, traceless.)
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The trace on the index D can be taken as on a general matrix 1 + 63, since the singlet
piece won’t contribute to β. Then 풻 has only (28)(28′) and (28′)(28) pieces (to always con-
tract up indices with down), which are transposes (without sign, by the full 풻’s symmetry),
while β has only (28)(36′). This case of the identity to be proven then reduces to simply
〈MAMCMBME +MBMCMAME〉 = 0
which follows from relating the former term to the latter by transposition. (The 28’s are
antisymmetric, while the 36 is symmetric.)
B Normalization factors
The weight factors appearing in the group decomposization can be determined by com-
paring the closure of our ansatz. Since there is an overall arbitrariness when defining the
variables, we can normalize our components as
XA
B =


αX 0 Xb 0
0 −αX 0 −Xb
Xa 0 풻Aa
bXA + δbaX γdabcX
c
0 −Xa βdabcXc −풻AbaXA − δabX


(B.1)
Then we can compute the commutator [X, Y ] = Z, and write the expression for Z:
αZ = XaYa −X ↔ Y (B.2a)
Za = αY Xa + 풻Ab
aXAY b +XY a −X ↔ Y (B.2b)
dadcZ
c = (풻Aa
bXA + δbaX)dbcdY
c − (풻AdcY A + δcdY )dabcXb −X ↔ Y (B.2c)
풻Aa
bZA + δbaZ = XaY
b + (풻Aa
cXA + δcaX)(풻Bc
bY B + δbcY ) + βγdadcd
bdeXcYe −X ↔ Y
(B.2d)
The result can be read off: α = 3, β = γ = 1.
In evaluating this commutator we have used the projection operator decomposition of 27
⊗ 27′. The fundamental identity required for D = 5 bosonic F-theory in H E6 notation is
the Springer relation
defg(deabdcdf + deacddbf + deaddbcf) = δ
g
adbcd + δ
g
bdcda + δ
g
cddab + δ
g
ddabc. (B.3)
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where dabc is the totally symmetric invariant tensor of E6 in terms of indices “a” for the 27
and 27′. This normalization of dabc vs. its dual dabc corresponds to
dacddbcd = 10δ
a
b (B.4)
found from the above by tracing. At this point we convert to matrix notation, treating 27
⊗ 27′ as a vector. Then
Ya
b
d
c ≡ dadedbce (B.5)
acts as a matrix in this space We also introduce the matrix that picks out the trace piece,
Ta
b
d
c ≡ 1
27
δbaδ
c
d (B.6)
Contracting a d with the Springer relation, we then have
Y 2 + 4Y − 5I = 135T (B.7)
This identity tells us how to separate the 1 + 78 + 650 pieces of 27 ⊗ 27′: The decompo-
sition into projection operators is (solving for orthonomality)
I = T + 1
6
(I + 9T − Y ) + 1
6
(5I − 15T + Y ) (B.8)
(We also used TY = Y T = 10T . The trace of each projector gives the dimension of its
representation.) In particular, we have for the ubiquitous matrix U
U ≡ I − Y = −9[T ] + 6[1
6
(I + 9T − Y )] (B.9)
Introducing 78 ⊕ 1 indices “A”, where A = (A, 0), we choose a normalization such that
daded
bce = δcaδ
b
d − δbaδcd + 43풻Eab풻Edc , 풻0ab = 풻0ab = δba (B.10)
where 풻 are the generators of E6×GL(1) in the 27 representation, since A is the adjoint.
(27 is dual to 27′, while 78 is selfdual, so the metric ηAB and its inverse exist.)
C Gauge parameters
Breaking the 912 of E7 into representations of E6, we have:
912→ 351′
1
+ 351−1 + 27−1 + 27
′
1
+ 783 + 78−3 (C.1)
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with 351′ = (27⊗ 27)A (and similar for 351 in terms of 27′). Then we can decompose the
gauge transformation into:
δXA = 풻Ac
ddabc∂bΛad + 풻Ad
cdabc∂
bΛad + 풻Ac
d∂dΛ
c + 풻Ac
d∂cΛd − ∂′Λ1A −
.
Λ2A (C.2a)
δXa = ∂
bΛab + dabc∂
bΛc − 3 .Λa + 풻Aab∂bΛ1A (C.2b)
δXa = ∂bΛ
ab + dabc∂bΛc − 3∂′Λa + 풻Aba∂bΛ2A (C.2c)
δX = ∂aΛ
a + ∂aΛa (C.2d)
After applying the solution of the worldvolume section condition, we are left with:
δXA = 풻Ad
cdabc∂
bΛad + 풻Ac
d∂cΛd −
.
Λ2A (C.3a)
δXa = ∂
bΛab + dabc∂
bΛc − 3 .Λa (C.3b)
δXa = 풻Ab
a∂bΛ2A (C.3c)
δX = ∂aΛa (C.3d)
As a check, we can evaluate the gauge transformation of the field strengths and indeed they
are invariant, up to the remaining worldvolume section dabc∂
b∂c = 0.
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